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parameter uncertainty, therefore, leads to fan chart forecasts
that are far too narrow and grossly underestimate longevity
risk. 10

3. Economic and financial implications

To further illustrate the economic and financial implications
of this analysis, Table 2 shows the fair prices of current
and future annuities under the (more realistic) parameter
uncertainty version of the CBD model.!! The price of a life
annuity at different future dates is a good index of the cost of
increased longevity. The Table presents annuity price results
for males aged 55, 65 and 75 at future horizons of 5, 10, 15
and 20 years ahead. The upper part of the Table gives results
assuming interest rates equal to 4% both now and in the future,
and these results are very clear: expected annuity prices are set
to rise in response to increased longevity, and these rises are
positively related to both the age of the men and the length of
the horizon. The expected increases vary from 3.8% (for age
55and T = 5) to 18.0% (for age 75 and T = 20). Thus, the
future cost of providing for increased longevity is predicted to
rise considerably.

The Table also presents the bounds of the 90% prediction
intervals for the rates of change of future annuity price relative
to their current values. These bounds are wide and again
increase with both age and horizon. They are also particularly
wide for 75 year olds which highlights the ‘toxic tail” effect. For
instance, at a horizon of 20 years, the rate of change of annuity
prices for 75-year-old men has a 90% prediction interval equal
to [—0.2%, 32.7%]. The cost of providing for future longevity
is also clearly very uncertain.

To add another nail to the coffin, the bottom half of the Table
shows the comparable results if interest rates should fall to 3%
at the end of the horizon periods. These show that a fall in
interest rates is likely to produce additional major increases
in annuity prices. Such a fall would increase future annuity
prices by at least 10% and typically considerably more, for any
given longevity scenario. This reminds us that annuity prices
are very interest-rate sensitive, and tells us that a conjunction
of improved future longevity and lower future interest rates is
likely to be especially costly.

4. Conclusions

We have shown that fan charts provide a very useful
and intuitive means of representing quantitatively measurable
uncertainty (or ‘risk’). As such, they also have many obvious
related uses. For example, they can be used to obtain estimates

10 of course, in interpreting the fan chart forecasts, we also need to be on
our guard against possible biases in the model: (1) the longevity forecasts
have a possible downward bias in so far as they do not take account of future
improvements due to medical science (e.g., miracle cures of major illnesses)
that we cannot predict; (2) the forecasts have a possible upward bias in that they
ignore important factors such as the impact of obesity that threaten to increase
future mortality but have not yet fed through into the mortality data on which
our model is calibrated. Readers who have strong views on these issues might
wish to take them into account in interpreting the fan charts.

1 More details of the algorithms used to generate Table 2 are provided in
Dowd et al. (2007).

of VaR or expected shortfall risk measures; they can be used for
reserving and setting capital requirements; and they can be used
for pricing, hedging and general risk management purposes.

This paper has focused on survivor fan charts, and the
message they give is very simple. The healthcare system,
pension funds, life companies and, indeed, the state itself, are
all heavily exposed to longevity risk. Their exposure to this
risk — especially their exposure to the ‘toxic tail’ of those who
survive into their 90s — therefore needs to be managed, and
those institutions that fail to heed this warning are likely to
face a very uncertain future themselves, especially if interest
rates fall further. However, the news is not all bad. Annuity
and pension providers can at least take comfort from one fact:
even though longevity is improving, it still looks as though no-
one in the foreseeable future will live to the ripe old age of
Methusalah.'?
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Appendix. The mortality model used to generate the fan
charts

The survivor fan charts discussed in this paper are based on
an underlying stochastic mortality model set out by Cairns et al.
(2006). Let g (¢, x) be the realized mortality rate in year ¢ + 1
(that is, from time ¢ to time # + 1) of a cohort aged x at time 0.
We assume that g (¢, x) is governed by the following two-factor
Perks stochastic process:

Sty — _SXRLAICE D + Asa+ 1)+ )]

’ I +exp[Ai(t+ 1)+ Ay + 1)t + x)]
where A1(t + 1) and Ax(r + 1) are themselves stochastic
processes that are measurable at time 7+ 1 (see Perks (1932) and
Benjamin and Pollard (1993)). Now let A(¢) = (A (r), A2(t))
and assume that A(¢) is a random walk with drift:

A+ D) =At)+u+CZ(t+1)

(A.1)

(A2)

where w is a constant 2 x 1 vector of (positive) drift parameters,
C is a constant 2 x 2 lower triangular Choleski square root
matrix of the covariance matrix V, and Z(¢) is a 2 x 1 vector
of independent standard normal variables. Cairns et al. (2006)
show that this model provides a good fit to UK Government
Actuary’s Department (GAD) data for English and Welsh males
over 1961-2002. For each set of parameter values, we simulated
10000 paths of A1(¢ 4+ 1) and A, (¢ 4 1), and then used these in
(A.1) to obtain 10000 simulated paths of ¢ (t, x) over a chosen
horizon.

Now let S(z, x) be the survival rate at time ¢ of a cohort aged
x in year 0. For any given x, S(0,x) = 1 and S(¢, x) should

12 Book of Genesis 5:27: ‘And all the days of Methuselah were nine hundred
and sixty and nine years: and he died.’
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Table 2
Projected future annuity prices

Age Current fair annuity price Horizon (years)

T=5 T =10 T=15 T =20
(a) Results assuming all interest rates = 4% both now and at future time 7'

% Change in expected future annuity price at time 7 relative to current annuity price
55 17.2 3.8 5.7 7.4 8.9
65 12.9 5.6 8.4 11.0 133
75 8.3 75 11.2 14.7 18.0

Central 90% prediction interval for % rate of change in projected future annuity price relative
to current annuity price

55 [1.12,6.3] [2.0, 8.8] [2.8,11.1] [3.5,13.3]
65 [5.6,9.9] [1.6,14.0] [2.3,17.8] [3.3,21.4]
75 [—1.5,15.3] [—1.2,21.2] [—1.0,26.9] [—0.2,32.7]
(b) Results assuming all current interest rates = 4% and all interest rates at time 7 = 3%

% Change in expected future annuity price at time T relative to current annuity price
55 17.2 18.3 20.6 22.8 24.8
65 12.9 16.5 19.9 23.0 25.9
75 8.3 15.2 194 233 27.1

Central 90% prediction interval for % rate of change in projected future annuity price relative
to current annuity price

55 [14.8,21.5]
65 [10.6,21.8]
75 [5.0,24.0]

[15.7,24.9] [16.7,27.9] [17.6,30.8]
[11.6,26.9] [12.4,31.4] [13.6,35.9]
[5.3,30.8] [5.4,37.3] [6.2,43.9]

As per the Notes in Table 1 pertaining to the parameter uncertain model. All annuity prices are calculated as the net present value of the expected survivor payments

predicated on a 10% loading factor.

diminish as ¢ gets bigger and eventually go to 0 as ¢ gets very
large. Given any path of g(¢, x) as obtained above, we then
obtain a corresponding path of S(¢, x) from the relationship
between mortality and survival rates, i.e., from

S(t+1,x) = (1 —q(t, x)S(t, x). (A3)

For each given ¢ and x, the quantiles of S(#, x) were obtained
from the relevant order statistics of our ‘sample’ of S(¢, x)
values, and these quantiles give us the bounds of the fan chart
intervals.
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