
 
 

DISCUSSION PAPER PI-1003 
 
Estimation and Pricing with the Cairns-Blake-
Dowd Model of Mortality 
  
Edmund Cannon 
 
January 2010 
 
ISSN 1367-580X  
 
The Pensions Institute  
Cass Business School  
City University  
106 Bunhill Row London  
EC1Y 8TZ  
UNITED KINGDOM  
 
http://www.pensions-institute.org/  



Estimation and pricing with the 
Cairns‐Blake‐Dowd model of mortality 
Edmund Cannon 

edmund.cannon@bristol.ac.uk 

 

Abstract 

Parametric forecasts of future mortality improvements can be based on models 

with a small number of factors which summarise both the improvement in  

mortality and changes in the relationship between mortality and age.  I extend the 

analysis of the two‐factor model of Cairns, Blake and Dowd (2006) to a more 

general dynamic process for the factors and also consider the problems arising 

from modelling estimated rather than observed factors.  The methods are applied 

to mortality data for sixteen countries and are used to estimate the value of an 

annuity and measures of risk.  The consequences for the money�s worth of an 

annuity and reserving are also considered. 
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1. Introduction 
Recent advances in actuarial practice have resulted in a variety of models for 

describing and projecting mortality: a convenient survey and exposition is 

provided by Pitacco et al (2009).1  One of the important features of the more 

recent models is that mortality projections are stochastic rather than 

deterministic.  This is important for two reasons.  First, the value of an annuity or 

any similar pension‐type product is a non‐linear function of future mortality and 

hence calculations of annuity values should be based upon the entire distribution 

rather than just the expected future mortality.  Secondly, risk management 

requires knowledge of the distribution of the annuity and this can only be 

calculated with knowledge of the mortality distribution.  This paper describes 

several important modelling, estimation and forecast issues within the context of 

the model proposed by Cairns, Blake and Dowd (2006) (which I shall refer to as 

the �CBD model�).  Most of the results have wider applicability. 

The CBD model is a �two‐factor� model and is one among a large number of 

contenders for projecting mortality.  The underlying idea is that there is a 

(downward) trend in mortality, which is presumably either a stochastic trend or a 

deterministic trend with some variation about the trend.  If improvements in 

mortality were perfectly correlated at all ages then it would be possible to project 

mortality using a �one‐factor� model such as the simple Lee‐Carter (1992) model.  

However, improvements in mortality do not just consist of downward shifts in the 

functional relationship between mortality and age but also changes in the �shape� 

of the relationship.  If this relationship were sufficiently complicated, or the 

changes were sufficiently complicated, then this might need to be modelled non‐

parametrically.  This is the P‐spline type approach of Eilers and Marx (1996) or 

CMI (2006).  However, empirically it is possible to approximate well the 

relationship between mortality and age by fairly simple functional forms involving 

relatively few parameters (Cairns et al, 2009).  In the simplest case only one 

parameter is needed to describe the relationship and hence mortality projection 

                                                 
1 Of course, this does not mean that practising actuaries actually use these new models.  CMI 
(2009, p.6) reports that 83% of life insurers and 82% of pension funds still used a particular 
version of the deterministic projections made by the UK�s Institute of Actuaries in 1999 and up‐
dated in CMI (2002). 



requires two factors, which jointly provide a description of the relationship 

between mortality and age and the trend in mortality over time. 

This results in a wide variety of modelling strategies: should the model predict log 

mortality or the log‐odds of mortality (e.g., Cairns et al, 2009); should there be 

two or more factors (e.g., Plat, 2009, suggests four); should there be additional 

cohort effects (Renshaw and Haberman, 2006)?  Merely surveying a sub‐set of 

these possibilities takes up a substantial number of pages in Pitacco et al (2009). 

However, any n‐factor model (with n equal to a small number greater than one, 

such as two) will face the question of how the factors evolve over time and it is 

this question that I consider here.  In the simplest case of two factors, there are 

three possibilities: both factors are stochastic trends (the original CBD model); 

both factors vary stochastically about deterministic trends (Sweeting, 2009); or the 

factors are stochastic trends but share a unit root so that they are cointegrated. 

In section 2 of this paper I shall provide an exposition of the model under all three 

cases in Section 2.  A consequence of this class of model which has not received 

much attention in the literature is that there is ambiguous relationship between 

the variance of mortality forecasts and the expected value of an annuity: I prove 

this in section 3.  In section 4 I discuss the application of the two factor model to 

mortality data for sixteen countries taken from the Human Mortality Database. In 

section 5 I discuss the problems that arise from the fact that the CBD methodology 

first estimates the factors and then analyses their dynamic properties: in the light 

of this I report tests for distinguishing the models and quantify the importance of 

measurement error.  The resulting analysis provides estimates of annuity values, 

measures of risk and measures of the consequences for the money�s worth of 

annuities actually sold.  Section 6 discusses my results and concludes. 

2. An outline of the two‐factor model 
The CBD model works with a logistic transform of death probabilities or death 

rates.  Given constraints on data availability it is often necessary to work in a 

discrete‐time model with such variables and accordingly in this paper I work 

consistently with one‐year death probabilities, where 
,x t

q  is the probability of 



dying within one year for someone aged x in year t and 
, ,

1
x t x t

p q≡ − . 2   The 

original CBD model uses period rather than cohort life tables and can be written 

(1) ( ) { } { }1 2
, ,

ln 60,...,95 , 0,..., 1
x t x t t t

q p A A x x t T= + ∈ ∈ −  

where the choice of ages 60 to 95 is driven mainly by considerations of data 

availability and partially to reduce problems of heteroskedasticity which occur 

when very high ages are included. 

Equation (1) says that the log‐odds of death probabilities for different ages in year 

t is a linear function of age, where both the intercept 1
t

A  and the slope 2
t

A  of the 

linear function can vary through time.  At the risk of stating the obvious, because 

this is a model of different ages at the same point in time, it is using data from 

cohorts born in different years.  1
t

A  and 2
t

A  are the two �factors�.  In practice it is 

impossible to observe either factor, so they must be estimated: CBD do this using 

OLS although alternative procedures are available.3  In this section I ignore the 

problem of estimation.  In a generalisation of the CBD model, the evolution of the 

two factors through time is modelled by 
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To simplify notation I re‐write equations (1) and (2) respectively as  

(3) 
t t
=Q XA  

(4) ( ),
1

, ~
t t t t

t−= + + +A A 0 VNπ µ δ ζ ζ  

where 

                                                 
2 The relationship between one‐year death probabilities, death rates and mortality, are 
discussed in actuarial texts such as Bowers et al (1997) or Pitacco et al (2009). 
3 A simple alternative to control for heteroskedasticity would be GLS; when information 
on the exposed‐to‐risk is also available a more efficient estimator would explicitly model 
q with the binomial distribution. 
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I  is the identity matrix and 0  a vector of zeros.  With appropriate estimators of 

the parameters, this model can be used to predict numerically the density function 

of the factors using equation (4). 

The crux of the matter is how to model equation (4), the interpretation of which 

depends crucially upon the rank of the matrix − Iπ .  CBD assume  

(6) ( )1
, 0

t t t−
= + + − =A A Irankµ ζ π  

i.e. the two factors are independent random walks with drift (stochastic trends),4 

whose only possible relationship is contemporaneous correlation in the shock 

terms through non‐zero off‐diagonal components of V .5  Two obvious alternative 

parameterisations are 
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(8) ( ), 2
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The second of these assumes that both factors are deterministic trends (rather 

than stochastic trends), whereas the first assumes that there is one stochastic 

trend and the two factors are cointegrated. 

A special case of (8) is that = 0π , which is considered by Sweeting (2009) in the 

context of a model where the parameters µ  and δ  are subject to infrequent and 

stochastic shifts. 

                                                 
4 When the system in equation (4) has ( ) 0,1− =Irank π  it is assumed that =δ 0  and the 

stochastic trend is modelled by the parameter µ ; when ( ) 2− =Irank π  the deterministic 

trend is modelled by the parameter δ . 
5 In my analyses I find that the correlation between 1̂

t
ζ  and 2̂

t
ζ  from model (5) is almost 

unity (as do CBD), which may suggest that the model be under‐parameterised. 









Figure 2, part 2: Time series of A factors 

 

  



Figure 3: Cross plots of A factors 

 

  



Figure 4: Density Plots of Annuity Valuation with ( ) 0− =Irank π , parameters 

certain (solid line) and uncertain (dotted line). 

 

  



Figure 5: Density Plots of Annuity Valuation with ( ) 1− =Irank π , parameters 

certain (solid line) and uncertain (dotted line). 



Figure 6: Density Plots of Annuity Valuation with ( ) 2− =Irank π , parameters 

certain (solid line) and uncertain (dotted line). 

 

  



Table 1: Unit Root Tests on Estimated Factors 

 

   Analysis of 1ˆ
t

A         Analysis of 2ˆ
t

A      

DF test Measurement error  DF test Measurement error 

[conventional p‐value] p‐value power   [conventional p‐value] p‐value power 

Australia ‐4.62 [0.01] 0.02 0.95  ‐5.36 [0.00] 0.00 0.99 

Belgium ‐4.49 [0.01] 0.03 0.91  ‐4.65 [0.01] 0.02 0.96 

Canada ‐2.42 [0.36] 0.99 1.00  ‐1.88 [0.63] 0.94 0.04 

Denmark ‐3.06 [0.14] 0.87 1.00  ‐3.42 [0.07] 0.54 1.00 

England & Wales ‐2.74 [0.24] 0.56 0.32  ‐3.25 [0.10] 0.20 0.71 

France ‐3.95 [0.03]    ‐4.35 [0.01]   

Germany ‐3.57 [0.05]    ‐4.46 [0.01]   

Italy ‐2.70 [0.25] 0.95 1.00  ‐3.16 [0.12] 0.37 0.45 

Japan ‐2.73 [0.24]    ‐4.29 [0.01] 0.44 1.00 

Netherlands ‐3.17 [0.11] 0.47 0.27  ‐4.72 [0.01] 0.03 0.86 

Norway ‐1.88 [0.63] 0.76 0.19  ‐2.09 [0.52] 0.64 0.30 

Poland ‐3.37 [0.08]    ‐3.43 [0.07] 0.88 1.00 

Spain ‐3.68 [0.04]    ‐4.36 [0.01] 0.16 1.00 

Sweden ‐4.35 [0.01] 0.80 1.00  ‐5.11 [0.00] 0.05 1.00 

Switzerland ‐3.30 [0.09]    ‐3.60 [0.05]   

USA 0.99 [1.00]       0.79 [1.00]     

 
  



Table 2: Annuity valuation under different models of the factors 
 

  Australia Belgium Canada Denmark Eng & Wales France Germany Italy 

  Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc 

Rank 2 (equation 7)

Expected value 16.36 16.49 14.85 14.85 15.96 16.44 14.53 14.76 15.61 15.68 15.65 15.68 15.84 16.30 15.63 15.62

Lower decile 16.29 16.04 14.83 14.76 15.86 15.43 14.42 14.11 15.55 15.36 15.62 15.51 15.73 15.31 15.60 15.48

Upper decile 16.43 17.00 14.87 14.94 16.06 18.48 14.65 15.54 15.66 16.07 15.68 15.85 15.95 18.24 15.66 15.78

90:10 range 0.14 0.96 0.05 0.18 0.19 3.05 0.23 1.43 0.11 0.71 0.06 0.34 0.22 2.93 0.05 0.30

Rank 1 (equation 8)

Expected value 16.20 16.20 14.81 14.81 15.90 15.88 14.18 14.18 15.35 15.35 15.67 15.67 15.26 15.26 15.47 15.49

Lower decile 15.97 15.86 14.57 14.47 15.72 15.60 13.87 13.73 15.18 15.11 15.49 15.40 15.10 15.04 15.29 15.21

Upper decile 16.43 16.53 15.06 15.15 16.08 16.16 14.49 14.62 15.51 15.58 15.86 15.94 15.41 15.48 15.65 15.79

90:10 range 0.46 0.67 0.49 0.68 0.37 0.56 0.62 0.89 0.33 0.47 0.37 0.54 0.30 0.44 0.35 0.58

Rank 0 (equation 6)

Expected value 16.32 16.35 14.95 14.97 15.56 15.56 14.46 14.47 15.54 15.55 15.66 15.67 15.37 15.38 15.95 15.97

Lower decile 15.58 15.26 14.47 14.28 15.25 15.11 14.01 13.84 15.04 14.83 15.19 14.97 15.02 14.86 15.36 15.10

Upper decile 17.09 17.49 15.44 15.72 15.87 16.03 14.91 15.11 16.04 16.31 16.14 16.38 15.73 15.90 16.56 16.87

90:10 range 1.51 2.23 0.98 1.44 0.62 0.92 0.89 1.27 1.00 1.48 0.96 1.41 0.71 1.04 1.19 1.78

"Spread" 1.0% 1.8% 0.9% 1.1% 2.5% 5.5% 2.4% 4.0% 1.7% 2.2% 0.1% 0.1% 3.8% 6.7% 3.1% 3.0%



Table 2 (continued) 

 

Japan Netherlands Norway Poland Spain Sweden Switzerland USA 

  Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc Cert Unc 

Rank 2 (equation 7)

Expected value 16.18 16.28 16.00 16.81 15.53 15.67 13.40 13.75 15.27 15.40 15.47 15.48 16.06 16.13 17.15 17.02

Lower decile 16.10 15.91 15.80 14.89 15.42 15.14 13.18 12.63 15.23 15.10 15.44 15.37 16.02 15.87 16.93 14.69

Upper decile 16.25 16.68 16.20 20.34 15.63 16.28 13.62 15.43 15.31 15.71 15.50 15.59 16.11 16.40 17.36 19.64

90:10 range 0.14 0.77 0.40 5.45 0.21 1.14 0.44 2.80 0.08 0.61 0.05 0.23 0.09 0.53 0.43 4.95

Rank 1 (equation 8)

Expected value 16.49 16.48 15.07 15.07 15.26 15.26 12.79 12.81 15.24 15.24 15.39 15.39 16.04 16.04 17.29 16.95

Lower decile 16.15 15.96 14.83 14.74 14.95 14.80 12.29 12.09 15.08 15.02 15.20 15.13 15.77 15.65 16.95 14.11

Upper decile 16.82 17.00 15.30 15.40 15.57 15.71 13.30 13.54 15.40 15.47 15.58 15.65 16.31 16.44 17.59 19.71

90:10 range 0.67 1.03 0.48 0.66 0.62 0.91 1.01 1.45 0.32 0.45 0.37 0.52 0.54 0.79 0.64 5.59

Rank 0 (equation 6)

Expected value 16.35 16.35 14.82 14.84 15.47 15.50 12.99 13.01 15.47 15.49 15.60 15.62 16.23 16.25 15.08 15.09

Lower decile 15.83 15.60 14.40 14.25 14.84 14.60 12.43 12.23 14.93 14.71 15.14 14.96 15.73 15.52 14.80 14.67

Upper decile 16.88 17.12 15.25 15.46 16.13 16.48 13.58 13.83 16.02 16.30 16.08 16.32 16.75 17.00 15.37 15.52

90:10 range 1.05 1.52 0.85 1.21 1.30 1.88 1.15 1.61 1.10 1.59 0.93 1.36 1.02 1.48 0.57 0.85

"Spread" 1.9% 1.2% 7.7% 12.7% 1.7% 2.6% 4.7% 7.2% 1.5% 1.6% 1.4% 1.5% 1.2% 1.3% 13.3% 11.8%

 



Table 3: Consequences for the money�s worth (parameters uncertain) 

 

  
Rank 2 
(equation 7)

Rank 1 
(equation 8)

Rank 0 
(equation 6)

Australia 0.970 0.980 0.935 

Belgium 0.994 0.978 0.953 

Canada 0.890 0.982 0.971 

Denmark 0.950 0.970 0.957 

Eng & Wales 0.976 0.985 0.954 

France 0.989 0.983 0.956 

Germany 0.894 0.986 0.967 

Italy 0.990 0.981 0.946 

Japan 0.976 0.970 0.955 

Netherlands 0.827 0.978 0.960 

Norway 0.962 0.971 0.941 

Poland 0.892 0.946 0.940 

Spain 0.980 0.985 0.950 

Sweden 0.993 0.983 0.957 

Switzerland 0.984 0.976 0.956 

USA 0.867 0.860 0.972 

  



Table 4: The effect of incorporating factor measurement error into projections 

 

  Ignoring measurement error in factors Modelling measurement error in factors

Netherlands 

Mean 14.838 14.836 

Lower decile 14.257 14.276 

Upper  decile 15.450 15.414 

90:10 1.192 1.138 

Money's worth 0.960 0.962 

Norway 

Mean 15.505 15.509 

Lower decile 14.611 14.648 

Upper  decile 16.462 16.446 

90:10 1.851 1.798 

Money's worth 0.942 0.943 

 

 

 


